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A numerical method is proposed for analyzing transient waves in cylindrical shells of
a functionally graded material (FGM) excited by impact point loads. In the present method,
the FGM shell is divided into layer elements with three nodal lines along the wall thickness.
The material property within each element is assumed to vary linearly in the thickness
direction, which represents the spatial variation of material property of FGM. This can
further reduce the number of elements to obtain more accurate results effectively. The
Hamilton principle is used to develop approximate dynamic equilibrium equations. The
displacement response is determined by employing the Fourier transformation and the
modal analysis. As examples, the displacement responses of FGM shells excited by point
loads are calculated, and the characteristics of waves in FGM shells are discussed. The
computations have shown the efficiency of the present method.
© 2002 Elsevier Science Ltd.

1. INTRODUCTION

The material properties of structures made of functionally graded material (FGM)
vary continuously in the macroscopic sense from one surface to the other. This is
achieved by gradually varying the volume fraction of the constituent materials in the
manufacturing process. The advantage of FGMs is that they are able to withstand
high-temperature-gradient environments while maintaining their structural integrity. In the
application of FGM shells to aerospace, nuclear and automobile industries, analyses of
transient waves in FGM shells are very important in terms of non-destructive evaluation
and material characterization.

There have been considerable works on wave propagation problems related to composite
cylindrical shells. Mirsk [1] and Nowwinski [2] solved for axially symmetric waves in
orthotropic shells respectively. Chou et al. [3] provided a three-dimensional (3-D) solution
for orthotropic shells as well. Huang and Dong [4] used the finite element method to
investigate the wave propagations and the edge vibrations in anisotropic composite

TPresent address: Centre for ACES, Department of Mechanical Engineering, National University of Singapore,
Singapore 119260, Singapore. E-mail: acchanxu@nus.edu.sg

0022-460X/02/$35.00 © 2002 Elsevier Science Ltd.



784 X. HAN ET AL.

cylinders. Nelson et al. [5] proposed a numerical-analytical method (NAM) for analyzing
waves in laminated orthotropic cylinders. In the analysis, the circumferential and axial
displacements are represented by trigonometric functions, while the radial displacement is
modelled by finite elements. Yuan et al. [6] proposed an analytical method for the
investigation of free harmonic wave propagation in laminated shells, and in their
publications, the dispersion behaviors, special cases of infinitely long wavelengths,
axisymmetric waves, and degenerate cases of orthotropic shells are described in detail.
Nayfeh [7] discussed the scattering of horizontally polarized SH elastic waves from
multilayered anisotropic cylinders embedded in isotropic solids. Rattanwangcharoen et al.
[8] attacked the reflection problem of waves at the free edge of laminated circular shells.
Markus and Mead [9, 10] presented an analytical method for investigating the dispersion
behavior of waves in orthotropic laminated cylindrical shells. In their treatise, the
circumferential and longitudinal displacements are represented by trigonometric functions,
whereas the radial displacement is expanded as the Frobennius power series. Xi et al. [11]
examined waves scattered by a crack in fluid-loaded axisymmetric laminated composite
shells. Recently, Han et al. [12] investigated the transient responses of axisymmetric FGM
cylinders subjected to radial line loads. However, studies on the transient responses of FGM
shells subjected to point loads, considered as 3-D problems, have not been found in the
literature.

This paper presents an analytical-numerical method to investigate the transient waves in
FGM shells subjected to point loads. The FGM shell is divided into a number of cylindrical
elements with three nodal lines in the wall thickness. The elemental material properties are
assumed to vary linearly in the thickness direction so as to better model the spatial variation
of material properties of FGM. The Hamilton’s principle is used to develop the dynamic
equilibrium equations. The displacement response is determined by employing the Fourier
transform in conjunction with modal analysis. The method is applied to analyze several
FGM shells.

2. BASIC EQUATIONS

Consider an FGM shell with varying material properties in the thickness direction. The
thickness, inner radius and outer radius of the shell are denoted by H, Ry, R,, respectively,
as shown in Figure 1. In view of the heterogeneity of the FGM shell in the radial direction,
an annular element shown in Figure 2 is used in the subdivision of the shell so as to achieve
high computational precision. The element has inner, middle and outer nodal surfaces
I, M, O, and three degrees of freedom (d.o.f.) per nodal surface, u, v, w.

Figure 1. Configuration of an FGM shell.



TRANSIENT RESPONSES IN CYLINDRICAL SHELL 785

€ )wp?
r du
N r=r,
: d,
n r? r=(r )2 T T et
nth element v \
1 r=r,, >
4 z
! €5, p!
o z ———-

Figure 2. Annular element subdivision and the nth isolated annular element.

Suppose that the shell is subdivided into N strip elements in the radial direction, and that
r,—1 and r, represent, respectively, the inner and outer radii of any element n. The elastic
coefficient matrix and the mass density on the inner and outer surfaces of the nth element
are denoted by ¢} = (¢;;)h(i,j = 1,...,6), ph, 2 = (¢c;;)S (i,j = 1,...,6) and p?, respectively, as
shown in Figure 2, where the superscripts “I” and “O” represent the inner and outer surface
respectively. The perfect bonding is assumed. Deformations of the shell are assumed to be
small. Under these assumptions, the strain—displacement relations in the cylindrical
co-ordinate system are given by

¢ =LU, 1)

where € = [&, &y & 50 7z 201" is the vector of strains and U = [uv w]" is the vector of
displacements. Here u, v and w are the displacement components in the axial, circumferential
and radial directions respectively. The differential operator matrix L is given by

— =T
0 0 190
z 0 Y ww
10 J 1 0 0 10 0 1
1 0 10 0
° T & v & O

where the matrices L, L,, L3 and L, can be obtained by inspecting equation (2).
The stresses are related to strains by

6 = Cg, (3)

where 6 = [0, 0y 6, T,9 Trz T20]" 1S the vector of stresses and

€11 C12 Ci6
Caz o+ Ca6

C= . } 4
sym Ceo

is the matrix of the off-principal-axis stiffness coefficients of the lamina whose expressions in
terms of engineering constants are given by Vinson and Sierakowski [13].
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The external traction vector at the inner, middle and outer surfaces of the element are
expressed as follows:

T" = (T} T}, T¢} 5)
in which
TlT: {T;‘z EG ’Trr}i ([:I, M» 0) (6)
The initial conditions of the shell are given by

U|t=0:0) U|t=0:0' (7)

3. ANALYSIS OF TRANSIENT RESPONSES

3.1. DISCRETIZATION IN THE RADIAL DIRECTION

For 3-D problems, the excitation and the field variables of the wave motion are
dependent on co-ordinates r, 0, z and t. The equation for the shell method uses annular
elements to model the radial displacement component of the shell, while the axial and
circumferential displacement components are dealt with analytically.

It is assumed that the material properties of the nth element change linearly in the
thickness direction, i.€.,

€= (¢ —el) T el = Ak + (el ®)
rn _rn—l
r — V,,, R
pu =Pl = pu) "+ pu=Apuf + pu. ©)
n~ ''n—1

Here # = (r — ry—1)/(ry — ru—1), ra—1 < r < r,. The thickness of the layer element is set as
hy="7, —Tp_1.
We approximate the displacement field within the nth element as

U = Nd, (10)
where N is the shape function matrix of the second order interpolations, and is given by
N = [(1 — 37 + 2/F)E 4(F — #)E (2/* — A)E], (11)

where E is a 3 x 3 identity matrix, and d contains nodal displacement vectors, and they are
functions of the axes z, 0 and time t, atr =r,_{, r = (r,—; + r,)/2 and r = r, as follows:

d’ = {d] d}, dp}, d ={d. dyd.};, (i=1I M,O0). (12,13)
Application of Hamilton principle yields

0%d 0%d o%d ad od 04
a2 Bass — By +Bio +Bi i+ Bed + Moo =F, (14)
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where
B,=A +AY (i=1,...,6), M =M+ M,, (15,16)
h,
F=T+ J NTfdz. (17)
0
The matrices A; (i = 1,...,6) and M are given by
rr, ry
Al = NTDllNrdr, A2 == J‘ NT(Dlz + (Dlz)T)Ndr, (18, 19)
e
A3 = ; N D22N dr, (20)
(T T dNT dNT T | - T
A, = —N D13F+W(Dl3) N"‘;N (D14)" —Dy4)N [rdr, (21)
(™ TIdNTdNTIT | I
As = —N'D3; O + O (D23)'N + - NY((D24)" — D24)N |rdr, (22)
(™ (dNT dN 1 dNT 1 dN 1
A6 = (? 33E — W D34N + ; NT(D34)T 5 + ﬁ NTD44N>rdr, (23)
[Py
M = N'Np,rdr. (24)

Jry,

n—1

The detailed expressions for matrices A; (i = 1,...,6), Mand Dy, D;, D55, D3, D14, D53,

D;3, D3, are given in Appendix A. f is the internal body force vector in the element.
The matrices M, and A¢ (i =1,...,6) are the additional matrices for the variation

of the density and the elastic coefficients in the elemental thickness direction, and are

given by
(Tn
A‘{ = NTAD“NI’de,
P B A
A3 = ;N ADzerdr,
K dN"
A‘i = |:— NTAD13 d—
JF-1 r
K dN"
A‘é = |:_ NTAD23 d—
» r

Jry,

Ad — J " NT(UDy, + A(D,)" N#dr, (25,26)
(27)
dNT 1 : )
+ =1 A1) N+ - NT(A(D1y)" — 4Dy )N [ridr,  (28)
dNT S . R
+?A(D23) N +;N (A(D24) —AD24)N rrdr, (29)
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o (dNT dN 1 dNT 1 dN 1
A‘é = —_— AD33— AD34N + - NTA (D34)T + NTA D44N rr dr
o\ dr dr " r dr
(30)

M = f " NTNUp,#rdr. (31)

n-1

The expressions for matrices A? (i = 1,...,6), My and 4Dy, AD,,, AD,,, AD,5, AD,,,
AD,3, AD33, AD3, are given in Appendix B. As it can be seen from equation (14), the
original partial differential equations of the shell with four variables (r, 0, z, t) have been
simplified into a system of three variables (6, z, t) using the above procedure.

On assembling the matrices of adjacent elements, we obtain the equation of motion of the
whole FGM shell:

Ft = KDtdt + Mtat» (32)
where
0? 0? 0? 0 0
KDt = - Bltﬁ - BZIM B3t 002 + B4t oz + BSt % + B6t- (33)

In these equations, the subscript “t” indicates that the matrices correspond to the whole
FGM shell, and the matrices d,, M,, B;, (i = 1,...,6) are the results of assembling the
contribution of d, M', B; (i = 1, ..., 6) for neighboring elements respectively. The vectors
d, and F, represent the nodal displacements and the external traction applied at the nodes of
the shell respectively. The sizes of d, and F,, are M x 1 and the sizes of the matrices K, M,,
B, (i=1,...,6) are M x M. If the shell is divided into N elements, M = 32N + 1).

3.2. EQUATION IN THE TRANSFORM DOMAIN

The Fourier transformations with respect to the co-ordinates z and 6 are introduced as
follows:

+ o +
d,(ky, k., t) = J f 4,0, z, t)e e = d0 dz, (34)

— 0 — o0

where i = v/ —1 and the real transformation parameters ky and k, are the wave numbers in
the circumferential direction and in the z-axis direction respectively.

The application of the Fourier transform indicated by equations (34) to (32), leads to
approximate equations of motion of the FGM shell as follows:

Ft = Mt&t + Ktat: (35)

where F,, d,, and d, are the Fourier transformations of F,, d,, nd d, respectively. Matrix K, is
given as

Kz = kalt + kszBZI + kng,t - isz4-t - ikBBSt + B6t- (36)
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3.3. DISPLACEMENT VECTOR IN THE FOURIER TRANSFORMATION DOMAIN

The modal analysis [ 14] is used to obtain the Fourier transformation of the displacement
vector. Solving the following eigenvalue equation corresponding to equation (35):

0 =[K, — o*M, V", (37)

we can obtain the eigenfrequencies w, (m =1,2,...,M) and the corresponding right
eigenvectors YX.
For example, consider the time-step impact load, which can be expressed as

Ft = FOIH(t)a (38)

where H(¢) is the Heaviside time-step function, F, is the constant amplitude vector of the
applied force. On applying the Fourier transform to equation (38), we get

F, = Fo, H(0). (39)

By applying the method of modal analysis, and using the initial condition equation (7),
the displacement in the Fourier transform domain can be obtained as follows:

~ ML Fo, R (1 — cos w,t
ke, by, 1) = 3, Yo COSOl)

m=1

(40)

where ®,,, @R and ¢k are the mth eigenfrequency and the corresponding right and left
eigenvector. M,, is the equivalent mass of the mth mode and is expressed by

M, = VM. (41)

The time history of the incident wave pressure to the shell is a function of ¢ as

=

Fo, sin(2nt/t;), 0 <t <ty

F_{o,( /ta) i )
0, t <0 and t > t,,

where ¢, is the time duration of the incident wave and w, = 2n/t,.

Using the Duhamel integral and equation (40), we can obtain the displacement in the
Fourier transformation domain subjected to the load given by equation (42):

d, =
3 VR i) — osinte ) e,
m=1 (wrzn_w%)mem ’ S
% Vo (@0 — 0,)sin[(; + 0,)T — 0,1] — (0 + o,)sin[(0; — 0,)7T + o, 1}]§ fet
s d-
m=1 \ll:;lelI’Y}fI(w} - wrzn)wm

(43)
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3.4. DISPLACEMENT RESPONSES IN THE SPACE-TIME DOMAIN

Taking the inverse Fourier transformation, the displacement response in the space-time
domain can be described by

+ o + o
d,(0, 2, 1) = #I J d,(ko, k., t)eo%e™:= dk, dk.. (44)

The integration in equation (44) can be carried out by using the two-dimensional fast
Fourier transform (FFT) technique [15].

It should be noted that the angular co-ordinate 0 has the limiting domain between —n
and +7n. Based on the study done by Pierce and Kil [16] that waves propagating in
a point-excited thin-walled circular shell behave like waves propagating in
a two-dimensional unbounded homogeneous anisotropic medium with excitation forces
that are periodic in the circumferential co-ordinates, the displacement response of the shell
can be expressed as a superposition of unbounded medium responses.

4. COMPUTATION PROCEDURE

The FGM shell is divided into N layer elements in the thickness direction. If the values of
Young’s module, the shear module, the Poisson ratio on the inner, middle and outer
surfaces of the elements can be calculated from the known functions of thickness, then the
elastic coefficient matrices on the lower, middle and upper surfaces of the element can be
obtained. The matrices M', B; (i =1,2,...,6) and F can be established from equations
(15-31). Matrices M;, B;, and F, can be obtained by assembling the matrices M,
A;(i=1,2,...,6) of neighborhood elements. For the step-impact force, the frequencies and
the corresponding left and right eigenvectors can be calculated by solving equation (37).
Using equation (40), the displacement vector in the frequency domain can be obtained. The
displacement in the frequency domain for arbitrary loading can be calculated by using the
Duhamel integral. Finally, the displacement response can be obtained by using equation
(44), where FFT is employed to calculate the integral.

5. NUMERICAL RESULTS

To verify the formulation and implement the present analysis, we calculate an SiC-C
FGM, circular cylindrical shell of R = 100 at the outset. The displacement response on the
surface to a sine function line load on the upper surface is depicted in Figure 3,
and compared with those obtained by Liu et al. [17] for the corresponding SiC-C
FGM plate. Because the non-dimensional radius is large, the results of the shell should
approach those of the corresponding plate. As expected, a good agreement is observed
between them.

Four types of FGM shells composed of stainless steel and silicon nitride are studied. They
are all composed of stainless steel and silicon nitride. Types 1 and 2 FGM shells are
single-layer shells. The former has stainless steel on its outer surface and silicon nitride on its
inner surface while the latter has silicon nitride on its outer surface and stainless steel on its
inner surface. Types 3 and 4 FGM shells have two layers. Type 3 has silicon nitride on its
outer and inner surfaces and stainless steel on its middle surface. Type 4 has stainless steel
on its outer and inner surfaces and silicon nitride on its middle surface. The material
properties for stainless steel and silicon nitride are listed in Table 1 [18].
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Figure 3. The time history of the displacement at z = 5H on the upper surface on the SiC-C FGM plate excited
by an incident wave of one cycle of sine functions at z = 0: ——, present method; ——, Liu et al. (1999).

TaBLE 1

Material properties of stainless steel and silicon nitride FGM [18]

Stainless steel Silicon nitride
Coefficients E(GPa) v p (kg/m?) E(GPa) v p(kg/m?)

P, 201-04 03262 8166 34843 024 2370
P_, 0 0 0 0 0 0
P, 3079 x 10713 —2:002x 104 0 —307x10713 0 0
p, —6:534x 107 1° 397 x1077 0 2160 x 10~ 16 0 0
Ps 0 0 0 — 68946 x 10720 0 0

207-82 03177 8166 3224 024 2370

For Types 1 and 2 FGM shells, the volume fraction can be expressed as
Vo (7) = (@), Via(F) =1 —=(F)', 7e[0,1], (45)

where n is the power-law exponent. The value of n is determined by optimization for
minimum uniform stress across the thickness. For Type 1 FGM shell, V,,; represents the
volume fraction of stainless steel and V,,, represents the volume fraction of silicon nitride.
For Type 2 FGM shell, V,,; stands for the volume fraction of silicon nitride and V,,, the
volume fraction of stainless steel. Thus, the variation of volume fraction for Type 2 shell
with radial position z in the thickness direction is in contrast with that of Type 1 FGM shell.

For Types 3 and 4 FGM shells with two layers, the volume fraction can be expressed as

Vi) = (@', Vaa(P) =1 =)', 7e[0,05], (46)

Vi (F) = (2F — 1:0)", Vi, () =1 — (27 — 1:0)", Fe[05,1]. 47)
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For Type 3 FGM shell, V}, (k = 1, 2) represents the volume fraction of stainless steel and
Vk, (k =1, 2) represents the volume fraction of silicon nitride. For Type 4 FGM shells,
Vk, (k = 1, 2) represents the volume fraction of stainless steel and V¥, (k = 1, 2) represents
the volume fraction of silicon nitride. Therefore, the variations of V,f,, V,f, (k = 1, 2) with
radial position in the thickness direction are opposite to that for Type 3 FGM shell.

The incident wave pressure to the shell is assumed to be a load acting on the upper
surface of the shell. Fy, is a constant vector

FOI = {0’ 0,~~~,CI0}3 (48)

where ¢, is the amplitude of the load.

Since the present method is based on the three-dimensional elasticity theory, it is
applicable to both a circular cylindrical shell and circular shell with any ratio of thickness to
radius. In order to explore the distinction between waves in both, two ratios of radius to
thickness R;/H =1, 20 are used in the present calculations. The shell with R;/H =1 is
viewed as a thick shell, while the latter is viewed as a cylindrical shell.

5.1. DISPLACEMENT RESPONSES EXCITED BY POINT LOADS

The point impact load F, is assumed as
F, = Fo, f(t)d(2)0(0), (49)

where f(t) is the function of time, d(z) and 6(0) are the Dirac delta functions of z and
0 respectively. Equation (49) describes vertical point loads acting on the upper surface of
a shell. In this subsection, only the responses of the displacement in r and z directions on the
upper surface of the shell are considered, and the following dimensionless parameters are
used:

i =ufuy, uo=Hqo/Go, [=1t/ty, to=HJcy, co=+Go/po,
w = W/uO: = a)H/007 X = X/Ha z= Z/H7 P= I’/H, p_ = p/pOa (50)

where pg, Gy, ¢y and t, are the mass density, the shear modulus, the velocity of shear wave
for a referenced material and the time for shear wave of referenced material to cross the shell
thickness once. The material property on the inner surface of the shell under consideration
is taken as the referenced material property. In this paper, we set f; = 2:0. It means that the
incident wave is a wavelet of one cycle of the sine function.

Figures 4-7 illustrate the response distributions of the radial displacement w on the upper
surface for these four-type thick shells. In these calculations, the value of the power-law
exponent n is set to 10, and the radial point load at (z = 0, 6 = 0) with a time history of one
cycle sine function. From these four figures, we can see as to how the displacement response
distributes on the outer surface of the FGM shells. Type 4 FGM shell has better property
for attenuation of the displacement response induced by the same stress source of excitation,
as the peak value of displacement response of Type 4 shell is the smallest.

Figure 8 shows the time history of the displacement @ on the outer surface of the Type 1
cylindrical shell subjected to a point load at point (z =0, 0 = 0) on the outer surface.
A comparison of the displacement responses between various values of the power-law
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Figure 4. The response distribution of the radial displacement w on the outer surface of Type 1 shell (R; = H)

subjected to a radial point load at (z = 0, 0 = 0) with a time history of one-cycle sine function.
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Figure 5. Same as Figure 3 but for Type 2 shell.

Figure 6. Same as Figure 3 but for Type 3 shell.

exponent n is presented. It is observed from Figure 8 that the peak value of displacement
response of Type 1 increases as the power-law exponent n increases. This can be explained
like this. Type 1 has silicon nitride material properties on the inner surface and
stainless-steel material properties on the outer surface. Small values of n correspond to
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Figure 7. Same as Figure 3 but for Type 4 shell.
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Figure 8. Time history of the displacement at (z = 10-0, 0 = 0) on the outer surface of Type 1 shell (R, = H)
excited by an incident wave at (z = 00, 0 = 0). ,n=10;-- -, n=20,—— n=40.

a large volume fraction of stainless steel whereas large values of n correspond to a large
volume fraction of silicon nitride as shown in equation (45).

5.2. CHARACTERIZATION OF z-t PLANE FOR THE FGM SHELL

To show the characteristics of waves, the so-called x-t plane [19] is often used. Due to the
inhomogeneity of the FGM, and the presence of boundaries, all kinds of waves are
dispersive vector waves, and coupled to each other. Therefore, there is no pure longitudinal
(P wave), or shear wave (S wave). Also, it is impossible to observe clear wave fronts of these
waves in the x—t plane. However, waves having similar properties of P and S waves can still
be observed in the x—t plane. These waves are called pseudo-P, and pseudo-S waves in this
section, and are discussed in the following paragraphs.

Figures 9 and 10 show the z-t plane for the displacement response u and w on the outer
surface of Type 1 thin cylindrical shell subjected to a radial line load with a time history of
one cycle of sine function at z = 0 respectively. From these two figures, it can be seen that at
different times, different forms of wave fields are observed. The form of the wave field
changes while waves propagate, because the waves are scattered by the boundaries and
inhomogeneity of the shell. From Figure 9 the wave front of the pseudo-P wave can be quite
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Figure 10. Same as Figure 9 but for displacement w.
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Figure 11. Displacement u on the outer surface in the z—t plane of Type 2 cylindrical shell (R, /H = 20).

clearly observed, as the displacement response u is sensitive to the pseudo-P wave. The wave
front for the pseudo-P wave is less obvious in Figure 10, due to the fact that the
displacement response w is less sensitive than the displacement response u. The wave front
for the pseudo-S wave is quite obvious.
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Figure 12. Displacement u on the outer surface in the z-t plane of Type 3 cylindrical shell (R;/H = 20).
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Figure 13. Displacement u on the outer surface in the z-t plane of Type 4 cylindrical shell (R;/H = 20).

Figures 11, 12 and 13 illustrate the z—t plane for the displacement response u on the outer
surface of Types 2, 3 and 4 cylindrical shells subjected to a radial line load with a time
history of one cycle of sine function at z = 0 respectively. From these figures, we can obtain
clear characteristics of waves in FGM cylindrical shells.

Furthermore, Figure 14 shows the time history of the displacement u on the outer surface
of the shell subjected to a line load with a time history of one cycle of sine function at z = 0.
A comparison of the displacement response between pure stainless—steel shell and Type 1
FGM shell (n = 1) is presented. It can be observed from Figure 14 that the peak value of
displacement response for Type 1 FGM shell is less than that for the steel isotropic shell.
The letters P and S in Figure 14 mark the arrival times of the dilatational and shear wave of
the isotropic stainless steel.

As the transient wave response is considered in this study, the shell is treated as infinite in
the co-ordinates z and 0. The boundary conditions, therefore, should be radiation
conditions. In the present formulation of the wave propagation, these radiation conditions
are satisfied naturally. Further study of the movement of wave front should be revealed in
a transient response analysis; Li et al. [20] gave an exact solution for the transient response
in a homogeneous cylindrical shell of finite length.
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Figure 14. Comparison of time history of displacement u on the outer surface at z = 2H subjected to a vertical
line load with a time history of one cycle of sine function at x = 0 (——, stainless steel shell; - - - -, Type 1 shell

(n=1)).

6. CONCLUSION

A numerical method is presented to calculate the displacement response of FGM shells
excited by impact loads. This method is straightforward to use for the analysis of arbitrary
FGM shells subjected to point loads. The method takes into account the special property of
FGM wherein the material properties change continuously in the thickness direction. The
present method can be directly used for anisotropic laminated shells without any difficulty,
by setting Acj; and 4p, equal to zero in equations (8) and (9). The use of layer elements
through the radial direction makes it easier to deal with composite shells made of an
arbitrary number of anisotropic layers, arbitrary lay-ups and any type of materials.
Furthermore, the method is capable of reducing the spatial dimensions of a problem by one.
It avoids tedious pre-processors that occupy a substantial part in finite element methods,
consequently, it reduces a great deal of computational labor.

The examples have shown the applicability of the present method. For two-dimensional
problems, the response calculation is very fast. The high efficiency paves the way for inverse
procedures of material characterization of FGM shells, as there would be thousands of
times of calling the forward calculation in an inverse operator.
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APPENDIX A
I (8ry + hy)Dyy 4r, Dy, —(2ry + h)Dyy
A= é (32r, + 16h,)Dyy (41, + h))Dyy |,
sym 8r, + 7h,)D 4
where
ci1 €16 C1s5]
T
D =Lic'Li = |ci6 Co6 Cs6 |»
Cs1 Cs6 Css
I 4Dy, + D1) 2(Dy; + Di;) —(Dyy + Diy)
A, = ﬁ 4(D;; + D1;) 2Dy, +Diy) |,
sym 4Dy, + D1>)
where
ci6 €12 C1a]
T
D, =Lic'Ly = |ce6 Ca6 Cag |»

Cs6 Cs52 Cys
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1133 o1,D33 o13D33

A; a12D33  03,D335 ay3D355 |,

6hf,'
®13D33 23D33 o33D33

where

oy = — 24h,rd — 15hF — 60h2r2 — 50h3r, + 61n(r, + hy)ht + 361n(r, + h,)r.h}
+ 781n(r, + h,)RZhZ + 721In(r, + h,) R} h, + 241n(r, + h,)ri — 61n(r,) hit
— 361In(r,)r,hd — 781n(r,)rZh — 721n(r,)r2h, — 24 1In(r,)re,

o1y = — 4[ —12h,y — hy — 24hiry — 13h)r, + 61n(r, + h,)r,h; + 241In(r, + h,)rahs
+ 301n(r, + h,)rih, + 121n(r, + h,)re — 61In(r,)r.h) — 241n(r,)r2h?
— 301n(r,)rh, — 121n(r,)r ],

o3 = — 28h,y — hif — 36h2r2 — 14h}r, + 61In(r, + h,)r,hy + 301n(r, + h,)r2h?
+ 481In(r, + h,)r2h, + 241In(r, + h,)ri — 61n(r,)rhy — 301In(r,)r2h?
— 481n(r,)rh, — 241In(r,)re,

0y = S[—12h,r3 + ht — 18h2r2 + 121n(r, + h,)r2h2 — 4hlr, + 241In(r, + h,)r3h,
+ 121n(r, + h,)ry — 121In(r,)r2h% — 241In(r,)r2h, — 121n(r,)r ],

O3 = — 4[ —12hy2 — 12h%r, + 61n(r, + h,)r,hz — hy + 181In(r, + hy,)r2h,
+ 121In(r, + h,)r2 — 61In(r,)r,hZ — 181n(r,)r2h, — 121n(r,)r ],

a3z = — 24hrs + hy — 12h2r} + 61n(r, + h,)rehy — 2hyr, + 241n(r, + h,)roh,

+ 241n(r, + h,)rt — 61In(r,)r2h2 — 241n(r,)r2h, — 241In(r,)rs,



800 X. HAN ET AL.

T .1
D33 = L3c L3 = Cas5 Cyqq Cyu3

(— 15r, — 2h,)D}5 (— 20r, — 6h,)D]; (5r, + 3h,)D];

1
Av=15 (20r, + 4h,)D], — 8h,D1, (— 20r, — 16h,)D]5
(— 5r, —2h,)D15  (20r, + 14h,)D}5  (15r, + 3h,)D];
\ (4D}, 2D}, DI, . [4Dis 2D D
+30 4Dis 2D | =30 4Dy, 2Dy,
| sym 4DT4 sym 4D,
1 [(— 15, — 2h,)Dy5  (20r, + 4h,)Dy5 (= 5r, — 2h,)Dy;
— % (— 20}’" — Shn)D13 — 8hnD13 (20V,, + 14hn)D13 .
(5r, + 3h,)Dq3 (—20r, — 16h,)D{5 (15r, + 13h,)Dq3
where
Cis Ci13 Ci13 ! 0 —cia cr2 !
D13=LTCIL3= Cs6 Ca6 C36 |> D14=L¥CIL4= 0 —cu6 C26 |,
Cs5 C45 Cs3 0 —cus cs;
| “11(D§4—D24) 0‘12(D§4—D24) 0‘13(D§4—D24)
ASZW “12(D§4—D24) “22(D§4—D24) 0523(]);4—])24)
0‘13(D§4—D24) 0‘23(D§4—D24) 0‘33(1);4—])24)
1 —3Dy; —4Dy; Dy | 73D 4D — Do
+2 4D}, 0 — 4D, — 5| —4D2 0 4D,;
—D3; 4Dy 3Dy D,;  —4Dy; 3Dy
where
0 —Cq6 Crp I Cs6 C46 C36 !
D24=LECIL4= 0 —cos c22 |, D23=L§CIL3= C2s Caa Ca3 |,
0 —casa cCa2 Cas5 Caa Cy3
| 011 Dgs 012D4s ay13Dyy
Aazw 012D4s 232D44  023D4s
13D44  033D44  a33Dyy
1 —-3D;, 4Dy —Dy, (| 73D —4Ds Dy
+2 —4D3, 0 4Dj3, +g 4D7, 0 —4D;,

D;, —4Di, 3Dj, —Ds, 4Dy, 3Dy,



TRANSIENT RESPONSES IN CYLINDRICAL SHELL 801

(147',, + 3hn)D33 (_ 16rn - 4hn)D33 (27',, + hn)D33

+ h (32r, + 16h,)Ds3  (—16r, — 12h,)D33 |,
! sym (14r, + 11h,)D5;
where
0 0 0 0 —cus cs2 7
D,y = LICIL4 =10 cqa —can |, D, = LchL4 = |0 —cqa cCa2 |,
_O Corq Coo 0 —C34 C23
[Css €52 Cas |
Ds; = LchLs = | C46 Ca2 Cas |,
LC36 C23 C34
” 8r, + h,)E 4r,E —@2r, + h,)E
M=" o 4r,E (32r, + 16h,)E  (4r, + 4h,)E
—@2r,+ h)E (4r, + 4h,)E 8r, + 7h,)E
APPENDIX B
A (Thyr, + 2h3)AD — 402Dy, — (Thyr, + 5h})AD 4
Al = 42"0 (112r,h, + 64h2)AD (28r,h, + 24h2)AD,; |,
sym (49h,r, + 44h2)AD
where
. Acyy Acie  Acys
4Dy, = . RCO - CI)Ll = . Acig Acee Acse |
ACSI AC56 ACSS n
2 [Pz + ADy>) 0 —(4Dy; + 4Dj5)
Ad = é 16(4Dy, + 4AD1,) 4(ADy, + AD},) |,
sym 7(4D,, + 4Dj,)
where
| | Acig Acyy Aeqy
4Dy, = h—LRcO — )L, = . Acgs Acze  Acss |

Acse Acsy  Acys

| a114D33 a1,4D35 a34D3;
A% ZW 0124D33 a5,4D33 a534Ds5; |,
w134D33 a534D33 a334D3;
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where
oy1 = 2[4h; + T5hir, + 250r2h) + 300r k7 + 120r¢h, — 30r In(r, + h,)hit
— 180rZ In(h, + r,)h2 — 39072 In(h, + r,)h? — 360r; In(h, + r,)h, — 1207, In(r, + h,,)
+ 180r2 In(r,) 3 + 30r, In(r,) bt + 360r¢ In(r,) h, + 390r2 In(r,)h2 + 12072 In(r,) ],
o, = 4[hy — 10hir, — 130r2h — 240r3h2 — 1207,
+ 60r7 In(h, + r,)h + 2403 In(h, + r,)hy + 3007y In(h, + r,)h, + 1201 In(r, + h,)
— 60rZ In(r,)h — 300r; In(r,)h, — 240r} In(r,) h? — 120r; In(r,)],
a3 = — 2[h) — Shyr, — T0r2h — 180r;hi — 120rth,, + 30r7 In(h, + r,)h3
+ 15073 In(h, + r,)hE + 2407, In(h, + r,)h, + 12077 In(r, + h,,)
— 302 In(r,)hy — 240r In(r,)h, — 15012 In(r,) b2 — 120r; In(r,) ],
by = 16[2h; — Shyr, + 20rzh; + 90r;hy + 60ryh,
— 6072 In(h, + 7,)h? — 1207} In(h, + r,)h, — 60r; In(r,, + h,)
+ 120 In(r,) b, + 60r; In(r,)hZ + 60r; In(r,)],
oy = 4[hd — 120k, — 10r2h3 — 120r3h2
+ 60r; In(h, + r,)hy + 180r; In(h, + r,)h, + 120r; In(r, + h,)
— 180r¢ In(r, ) hy, — 6012 In(r,)h2 — 120r2 In(r,) ],
oy = 2[4h — Shir, + 10r2h> + 60r2h2 + 120rh,
— 30r2 In(h, + r,)h, — 120r¢ In(h, + r,)h, — 120r; In(r, + h,)
+ 120r In(r,) b, 4 3012 In(r,)hZ 4+ 1207 In(r,) ],

| Acss  Acys Acsy !

ADs33 = h_Lg(CO - CI)L3 = . Acys Acyy  Acus |,
" ’ Aczs  Aczy  Acss
; (—4r, — h,)AD}s (—12r, — 4h,)AD};  (6r, + 5h,)AD15
Al = é (8r, + 4h,)AD1;  —16(h, + r,)AD}s  (—32r, — 28h,)4AD];
(—4r, — 3h,)AD}5  (28r, + 20h,)AD1; (261, + 23h,) 4D},
2 AD], 0 —AD], 2 AD,, 0 —ADy,
+ 6—8 164D}, 44D;, |— @ 164D, 44D,,

sym 7ADI4 sym 74D 4
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12 (—4r,— h,)AD; (87, + 4h,)AD5 (—4r, —3h,)4D,;
—6—6 (—12r, — 4h,)ADy3  —16(h, +r,)4Dy5  (28r, + 20h,)4D,5 |,
(6r, + 5h,)4Dy; (— 32r, — 28h,)4Dy5 (261, + 23h,)AD;
where
| | [Acys  Acia Acys
ADy 5 = h—LRCO —c)L; = . Acsg  Acas Acse |
" " _Acss Acys  Acss n
. | r0 —Acyy Acqy
4Dy = . {(CO - CI)L4 = . 0 —Adcye Adeye |,
’ ! | —dcys  desy |,
%4 (4 D§4 — 4D,,) Oﬁllz(ADL —A4Dy,) a}3(4 D§4 —4D3,)
Ié = W oi»(4 D§4 — 4Dyy) Oﬁrzz(ADL —AD,,)  oh3(4 D§4 — 4D5y)
a'y3(4 D§4 — 4D3y,) 05/23(4‘1)54 —A4Dyy) o33(4 D§4 — 4Dyy)
, — 24D}y —64D3; 34D ; —24D,;  44D,3; —24D,;
+ % 44AD3;  —84D3; —164D3, —ﬁ —64D,; —84D,; 144D, |,
— 24D}, 144D  134Dj, 34D,5  —164D,; 134D,;
1 1 _0 —AC46 AC26
ADyy = h—Lg(cO —c )L, = . 0 —Adcyy Adey, |,
! ! |0 —Adcys Adcss |,
| | [Acse  Acae  Acse
AD3 = h—Lg(cO —c)L; = . Acys  Acyy Acys |,
! ’ _4‘045 Achs  Acys n
0114D4s 124D 4s 034Dy
A‘é = 0™ 01244y 05,4Dy4y  a534Dgy
0134D4s 534Dy, 0534Dy4y
; —24D3, —64D3, —34Dj3, . —24D;, 44D;,  24Ds,
+ﬁ 44D3, 84D}, —164D}, +< —64D;, —84D;, 144D,,
24D, 144D}, 134D3, —34D;, —164D;, 134D,
. (157, + 15h,)AD33  (—20r, — 12h,)4AD3; (5r, + 6h,)AD55
+ 30 (80r, + 64h,)ADs3  (—15r, — 52h,)AD35 |,

sym

(557, + 46h,)AD 3,
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where
| | 0 0 0 7
ADyy = h—LZ(CO —c )Ly = . 0 Acys —Adcys |,
" _O ACZ4 ACZZ n
1 | -0 —AC45 ACSZ 7]
AD3, = h—L§(c° —c )L, = . 0 —Adcys Adey, |,
! " _O —AC34 AC23 An
1 { [Acss  Acsy  Acys
AD35 = h—L§(c° —cL; = . Acye Acqy  Acas |,
" " | Acsg Acyz Acag |,
12 A (2h, + 7r,)E —4h,E — (5h, + 7r,)E
M, n 2P 16(4h, + 7r,)E  4(6h, + Tr,)E
sym (44h, + 49r,)E
where

i b e 6
==

~

H'EFI
ﬁ

mZZ0R
z

=
=

=
[N

-é"”q%v‘ <FCc™T®

APPENDIX C: NOMENCLATURE

matrix of elastic constants

wave velocity

displacement vector

Fourier transformation of nodal displacement vector
3 x 3 identity matrix

Young’s modulus of elasticity

external force vector

Fourier transformation of external force vector
thickness of the structure

thickness of the nth layer element
Heaviside step function

imaginary unit

stiffness matrix

differential operator matrix

mass matrix

shape function matrix

inner radius and outer radius of the shell
time

displacement vector

displacement components

volume fraction

cylindrical co-ordinates

the Dirac delta function

vector of stresses

vector of strains

eigenvector

b
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O mth eigenfrequency

P mass density

v the Poisson ratio

Superscripts

LM, 0 inner, middle and outer surface of a layer element for shell respectively
T transposed matrix

Subscripts

1,2,...,n number of layer elements
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